A rigorous solution is presented for the problem of sound radiation by an oscillating and wobbling annular piston embedded concentrically in a perpendicular at screen surrounding a semi-innite circular cylindrical bae. Two forms of the Green's function of the considered region are used. The acoustic impedance is presented in its integral form useful for numerical calculations which enable studying the eect of the acoustic waves scattering on the cylindrical bae and the asymmetry of vibration velocity on the piston on the resultant acoustic impedance of the wobbling piston. It is shown that in the case of the vibrating piston under consideration, the reciprocity of acoustic impedance related to two modes of rigid body motion, oscillating and wobbling, does not occur.
Introduction
From the practical point of view, phenomena related to sound radiation generated by vibrating pistons, membranes, and plates, both circular and elliptical, embedded in a at acoustically rigid screen is still interesting. A number of studies deals with such problems. Wyrzykowska investigated sound radiation by oscillating pistons, circular, annular and rectangular, in the range of low frequencies [1] . Pritchard analyzed the acoustic mutual impedance between oscillating pistons arranged as a hexagonal system of sources [2] . Porter investigated the self-and mutual impedance of circular radiators of the uniform vibration velocity distribution [3] . Thompson Jr. calculated the self and mutual impedance of oscillating annular and elliptical pistons [4] . Stepanishen presented the impulse response and the acoustic impedance of the annular piston [5] . Mellow and Kärkkäinen calculated the acoustic impedance of a vibrating disk in a circular bafe of nite dimensions [6] . Mellow presented the acoustic impedance of a vibrating resilient disk in the range of low frequencies [7] . A number of further studies concern the use of a variety of theoretical and experimental methods for determining the acoustic impedance of circular and rectangular plates and membranes [815] .
For practical reasons, the solutions to asymmetric problems are particularly important. Mangulis [16] was the rst who published results of the acoustic impedance of oscillating and wobbling circular piston embedded in a at rigid screen.
Rdzanek et al. presented the Green's function of the region located above a at screen around a circular cylindrical bae [17] . On the basis of results presented in this * corresponding author; e-mail: wprdzank@univ.rzeszow.pl study, Rdzanek, Rdzanek, and Pieczonka proposed the integral formulations of acoustic impedance of an oscillating annular piston embedded in a at screen around a semi innite circular cylindrical bae [8] .
The study of Mangulis [16] was the only one of the studies mentioned above that concerned the sound radiation of a circular piston wobbling in a at screen. To the best of the authors' knowledge, the acoustic impedance of a wobbling annular piston embedded in a at screen concentrically around a circular cylindrical bae has not been presented so far. The rigorous solution to this problem is proposed in this study.
Theoretical analysis
An asymmetric steady-state vibration velocity distribution was assumed on the surface of an annular piston. The velocity component v| z0=0 ≡ n · v| z0=0 normal to the surface of the at screen was adopted as follows:
where r 0 , ϕ 0 are the polar coordinates of the piston's point, β = const is the rotation angle of the normal to the nodal diameter of the piston's wobbling, v 0 = |v 0 | is the velocity amplitude of the piston's transverse oscillations (the zero initial phase assumed), v 1 = |v 1 |e i α is the velocity amplitude of wobbling of the point located at the piston's inner edge of coordinates r 0 = a 1 and ϕ 0 = β, α is the initial phase dierence between the transverse oscillation velocity and the wobbling velocity, ω = kc is the vibrations' pulsation, k is the wavenumber, c is the speed of sound in air, i 2 = −1. Equation (1) indicates that the piston vibrations are composed of transverse oscillations (Fig. 1a) and wobbling (Fig. 1b) with the initial phase dierence equal to α. The velocity amplitude of wobbling at the point at the outer piston's edge, with coordinates r 0 = a 2 and (1078) ϕ 0 = β, equals obviously to v 1 a 2 /a 1 . The nodal line of the piston's wobbling presented is in the top view in Fig. 2 . Mangulis, in his study [16] , assumed a similar vibration velocity for a circular piston with a dierence consisting in that he assumed β = 0 and v w being the velocity amplitude of wobbling of the point located at the outer edge of a circular piston. The Green function presented in [17] was used to solve the wave equation and calculate the acoustic pressure amplitude. It was assumed that the resultant vibration velocity of the piston is small (|v 0 |, |v 1 | c). The Green's function G(r|r 0 ) satises the Neumann's boundary conditions at both baes (the at screen and the semi innite circular cylindrical bae), ∂G(r, ϕ, z|r 0 , ϕ 0 , z 0 ) ∂r
where (r 0 , ϕ 0 , z 0 ) are the source's point cylindrical coordinates, and (r, ϕ, z) are the observation point cylindrical coordinates. The tightened Sommerfeld's radiation conditions (cf. [18, 19] ) are also satised at an innitely large distance from the source (0 < a < a 1 < a 2 √ r 2 + z 2 ). The Green's function assumes the form of
where
(3d) k is the wavenumber, − is the Cauchy's principal value, the prime sign denotes the dierentiation according to the entire argument, and the integration path in Eq. (3b) is presented in Fig. 3 . The two denotations of functions F in Eqs. (3c) and (3d) indicate that the Green's function assumes the two dierent forms depending on whether r is larger or smaller than r 0 . Both forms are necessary since they will be used later during the integration. The vibration velocity in Eq. (1) and the Green's function in Eq. (2) together with the denotations in Eq. (3) were inserted to the acoustic potential equation
is the area of the vibrating annular piston for z 0 = 0 and s = a 2 /a 1 is the geometric parameter of the piston. Further, the integration over the interval (0, 2π) of the angular variable ϕ 0 yields
The orthogonality of trigonometric functions was used during integration leading to the summation with the Kronecker delta which enables formulating the acoustic potential as follows
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(7b) It is worth noticing that the integration over the interval (a 1 , a 2 ) of the radial variable r 0 of the source's point in Eqs. (7) was divided to two integrals calculated separately, one over the interval (a 1 , r) (where Eq. (3d) was used) and the another over the interval (r, a 2 ) (where Eq. (3c) was used). Therefore, both forms of the Green's function (presented in [17] ) were used for the considered problem. This approach enables solving the problem and nding the acoustic potential. For this purpose, the following Wronskian was used [20, 21] 
the following integrals
where C ν is a cylindrical function for ν = 0, 1, 2, and the Hilbert transform of the cosine function [22] 2 π
valid for 0 < k. This enables formulating the integrals in Eqs. (7) in the form of the following single integrals:
It is worth noticing that in the above integrals
where it was assumed that z = ka √ 1 − u 2 . This means that the terms containing such quotients represent the correction for the semi-innite circular cylindrical bae for 0 < a < a 1 , whereas when there is no such bae, their limits are equal to zero when a → 0.
The knowledge of the acoustic potential enables expressing the acoustic pressure amplitude, for the time harmonic steady state vibrations, in the form
in the cylindrical coordinates, where p ≡ p(r, ϕ, z, t) = p(r, ϕ, z)e − i ωt and φ ≡ φ(r, ϕ, z, t) = φ(r, ϕ, z)e − i ωt . The acoustic potential in Eq. (6) was inserted to Eq. (12) , and the integrals in Eqs. (10) used giving the acoustic pressure amplitude useful for some further calculations of the acoustic power in the impedance approach. The resultant acoustic pressure above the piston (a 1 r a 2 ,
is the superposition of the two components. The rst of them does not depend on the angular variable ϕ and is associated only with the axisymmetric transverse oscillations of the piston (it contains the integral I 0 and cylindrical functions of the orders zero and one). The second depends on the angular variable ϕ and is associated with the asymmetric wobbling of the piston (it contains the integral I 1 and the cylindrical functions of the one order higher than those of the axisymmetric component).
The time-averaged acoustic power
was calculated in the impedance approach where S ≡ S 0 is the area of the piston. After integrating over the angular variable ϕ it was obtained that
for n = 0, 1. The expression in Eq. (15) together with the integrals in Eqs. (16) represents the time averaged acoustic power in its spectral form. It is worth noticing, that this expression is the superposition of the acoustic power of the transversely oscillating piston (the term containing the integralĪ 0 ) and of the acoustic power of the wobbling piston (the term containing the integral I 1 ), similarly as in the case of the acoustic pressure (cf. Eq. (13)). The following facts are essential that there is no mutual power between the two rigid body modes due to 2π 0 cos(β − ϕ) dϕ = 0 for β = const, and that the acoustic power does not depend on the value of the constant β. For the same reason, the acoustic power does not depend on the dierence α of the initial phases of oscillating and wobbling of the piston.
Further, the integration over the radial variable r was performed givinḡ
for n = 0, 1, where
s = a 2 /a 1 is the geometric parameter of the annular piston, s 1 = a/a 1 is the normalized radius of the circular cylindrical bae, and the following denotation was introduced:
(17c) The quotient of cylindrical functions in Eq. (17b), such as in Eq. (11), represents the inuence of the circular cylindrical bae on the acoustic power similarly as in the case of the acoustic pressure amplitude (cf. Eqs. (10)). Further, the following reference acoustic power was formulated:
is the piston's area, and κ = |v 1 |/|v 0 | is the quotient of the velocity moduli of oscillations and wobbling. The normalized acoustic impedance was formulated as follows
θ = ζ is the normalized acoustic resistance (represents the acoustic energy that is radiated by the source to the far eld and does not return), χ = − ζ is the normalized acoustic reactance (represents the acoustic energy uctuating in the near eld), ζ 0 is the normalized acoustic impedance of the piston that only oscillates axisymmetrically, whereas ζ 1 is the acoustic impedance of the same piston that is only wobbling, and the integralsĪ 0 andĪ 1 were presented in Eq. (17a).
Numerical analysis
For the purpose of numerical analysis, it is convenient to perform the following substitution x = √ 1 − u 2 and to use the Cauchy's theorem, to present the values from Eqs. (21b) in the form of
wherẽ
is the reduced version of Eq. (17b).
Applying Eqs. (20) and (22)(24) enabled performing a number of numerical analyses and examining the impact of the circular cylindrical bae on sound radiation as well. It was assumed for this purpose that the mean square of oscillation velocity of the piston is equal to the mean square of its wobbling velocity,
where v 1 (r, ϕ) = (r/a 1 )|v 1 || cos(β − ϕ)|, which led to the following condition
and enabled comparing the acoustic impedance of the piston oscillating only and the acoustic impedance of the piston wobbling only. This assumption led to the following formulation of the normalized superimposed acoustic impedance:
being the complex arithmetic mean value of both the acoustic impedance ζ 0 the piston oscillating only and the acoustic impedance ζ 1 the piston wobbling only.
The curves of the normalized acoustic impedance of oscillating and wobbling piston are presented in Fig. 4 for dierent values of the quotient s 1 = a 2 /a 1 . In the case of no circular cylindrical bae (s 1 = 0.0), this quantity is a complex superposition of the acoustic impedance of both kinds of the piston's vibrations (cf. Eq. (15)). As the result, the global maximum of the acoustic resistance is shifted towards the greater values of wavenumber k, compared to the remaining curves in this gure. Introducing the bae for s 1 = 0.5 causes the appearance of clear local maxima as the result of scattering of acoustic waves on the circular cylindrical bae. The increase of the quotient s 1 to its maximum value equal to 1.0, causes shifting the global maximum of the acoustic resistance towards the lower values of k, compared to the remaining curves. This fact is important since the normalized acoustic resistance is equivalent to the sound radiation eciency of the source. For this reason, the value of s 1 = 1.0 was assumed in the following gures. (ζ0 + ζ1).
The normalized acoustic impedance of oscillating and wobbling piston is presented in Fig. 5 for three dierent values of the geometric parameter s = a 2 /a 1 . For the smallest analyzed value of s = 1.2, the global maximum of acoustic resistance is the most strongly shifted towards the higher values of k which means that the sound radiation eciency assumes the smallest values for the smaller values of k. Increasing the value of s up to 2.0 and more causes an increase in the sound radiation eciency for smaller values of k. Redundant increasing of s (up to 5.0 and more) is pointless since the cross section area of the circular cylindrical bae becomes small compared to the area of a vibrating piston and the scattering of acoustic waves on the cylinder then becomes small for small values of k. Therefore, the value of s = 2.0 was assumed in further analysis.
The acoustic impedance of a vibrating piston is presented in Fig. 6 for the piston oscillating only, for the piston wobbling only and for the piston which oscillates and wobbles at the same time. The curves presented conrm the obvious fact that the wobbling piston is a much less ecient radiator than the oscillating piston in the interval of small values of k. In the interval of higher values of k, the wobbling piston corresponds to the highest value of the normalized acoustic reactance, which implies the greatest uctuations of the acoustic energy in the near eld. However, the knowledge of the radiation impedance of a wobbling piston is important due to the asymmetric distribution of the acoustic eld (cf. Eq. (13)).
Concluding remarks
The Green function for the region above a at screen, around semi innite circular cylindrical bae was used [17] which provided the rigorous solution to the wave equation and enabled calculating the acoustic pressure amplitude of an oscillating and wobbling annular piston embedded concentrically in a perpendicular at screen surrounding the cylinder. At the assumed velocity distribution of the piston, both the sound pressure and the acoustic impedance are the superpositions of these quantities of the piston oscillating only and the piston wobbling only. For this reason, the acoustic impedance does not depend on the initial phase dierence of oscillations and wobbling. It is important to emphasize that the superposition of acoustic impedance is valid in the case of the vibrating piston, whereas in the case of plates and membranes the determination of sound power requires also the use of intermodal impedance coecients. The acoustic impedance of a wobbling piston does not depend on the spatial location of the nodal diameter, on which the sound pressure distribution obviously depends. The eect of acoustic waves scattering on the cylinder is important since it increases the sound radiation eciency in the range of low wavenumbers both for the oscillations impedance (agrees with the conclusions presented in [8] ) and for the wobbling impedance. Furthermore, the increase in the radius of the cylinder decreases the amplitude of local oscillation of the acoustic resistance and reactance as functions of the wavenumber. The eect of the ratio of the outer and inner radii s of the piston on the acoustic impedance of wobbling is the same as in the case of the eect on the acoustic impedance of oscillating (cf. [8] ). For practical reasons, however, s should be neither too small (s → 1) nor too big (1 s). Based on the numerical analysis it was found that the optimum value of s is about 2.0. It was also found that the sound radiation eciency of the piston wobbling only is much smaller for small values of the wavenumber than in the case of the piston oscillating only. However, the knowledge of acoustic impedance of the wobbling piston is important due to the asymmetric distribution of the resultant sound pressure.
